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This paper provides an introduction to the psychological research programme of subjective theories as a theoretical framework to specify the notion of a belief system in a specific manner, focussed on subjective meanings, logical dependencies, and rational acting on the grounds of beliefs. After an outline of the theoretical basis, the most important methodological aspects are discussed and presented to provide a contribution to empirical problems concerning the detection of belief systems and the instructional relevance of teachers’ beliefs in everyday lessons. Besides a short overview of existing findings, excerpts of current studies are presented to exemplify the methods and to sketch the potential of further investigations.

General Remarks on Beliefs

In the last decades, the research on teachers’ beliefs has become an increasingly growing domain of mathematics education (Philipp, 2007). In the same time, the research programme of subjective theories (RST) has been invented independently to establish a new approach to human behaviour and perception on the basis of cognitive psychology (Groeben et al. 1988). Despite claiming to provide a general theory of psychology, the RST has mainly been used to analyse instructional behaviour of teachers, trainers, or therapists. Insofar, the adaption to didacts is not out of question and, in case of mathematics education, already initialised by a first comprehensive study of subjective theories concerning the teaching of stochastics (Eichler 2005). Before presenting a short overview of this and further investigations, we will provide a theoretical introduction and an application of typical methods by means of selected examples.

To explain what contributions the RST could provide to the research on beliefs, it is necessary to sketch some basic outlines. Despite being the central notion, the concept of beliefs typically remains undefined (Pehkonen 1994, 178). Nevertheless, it is possible to sketch some of its main attributes: “Beliefs – Psychologically held understandings, premises, or propositions about the world that are thought to be true” (Philipp 2007, p. 259). Thus, beliefs can be understood as special types of mental states, which possess an explanatory relevance to human behaviour and a semantic aspect to human understanding and self-understanding as part of a cognitive approach to human psychology (Abelson & Carroll 1965).

The semantic aspect of beliefs can be expressed by propositional attitudes of the form “person x believes that p”, where p is a proposition, typically formulated in ordinary language and fulfilling the conditions of opaque or intensional contexts (Chisholm 1955): The proposition p has not to be true, concepts occurring in p are generally not interchangeable to other ones of the same reference, and the objects mentioned in p have not to be existent. E. g. Karl may belief that Zeus lives on the morning star, whereas he denies that Zeus lives on the evening star, although in both propositions, the respective expression refers to the same object, the planet Venus, and, additionally, he would be wrong in both cases. This example demonstrates that propositional attitudes are typically saturated by subjective meanings and truth-values and, furthermore, that beliefs are not isolated, but connected to each others: Karl would held both proposition true, if he knew that the respective stellar objects in fact are identical, e. g. if he possessed some other beliefs relevant to this question.

This consideration leads to three topics which are extensively discussed within the research on beliefs (Philipps 2007, pp. 258-261 and 265-268): 1) What is the difference between knowledge and beliefs? According to different epistemological backgrounds, the answer is either that knowledge is a true or a subjectively justified belief. In both cases, knowledge allows no degree of conviction. 2) What is the difference between values and beliefs? Normally, only propositional attitudes which are truth-apt are regarded as beliefs. Attitudes which do not solely consist of neutral statements, but also of subjective likes or dislikes, norms, and prescriptions are normally designated as values, and not as beliefs. 3) It is supposed that beliefs are not isolated, but form a system of beliefs, which is organised in a quasi-logical manner.

The restriction to a quasi-logical level is necessary, since the opposite would be based on the assumption that every human being would exactly know the semantic of his language and would be able to generate all of the logical consequences of his convictions immediately. Besides these obvious limits due to human fallacy, the empirical research has revealed some less trivial findings on the logic of beliefs (Thompson 1992, p. 130): Although following minor standards of logical coherence, belief system contains primary and derivative beliefs. In opposite to formal languages or knowledge systems, beliefs can be distinguished in more central and more peripheral ones, which expresses the degree of conviction and which corresponds to the willingness to change or abandon a belief in case of a contradiction. Beliefs are typically not held in one system, but in clusters of beliefs, which are widely coherent in theirselves, but may contain statements contradictory to beliefs which belong to other clusters. Finally, beliefs are more stable than values and affects, but anyhow subjected to change, whereat central beliefs are more persistent than peripheral ones.

Subjective Theories

Similar to studies on beliefs, the RST is based on a cognitive approach to psychology and claims to describe and explain specific kinds of human behaviour by using mental states of a propositional structure. Insofar, this programme shares the same theoretical assumptions with the research on beliefs, but claims to provide a more coherent and challenging model of human behaviour. In this context, human behaviour is understood as intentional and rational acting based on more or less elaborated theories, goals, and preferences. Theories are subjected to rationally guided changes when acting is confronted to unsuccessful experiences or newly emerging goals (Groeben et al. 1998, especially pp. 12-13). According to these assumptions, the concept of subjective theories is similar to the notion of beliefs, but differs in some, typically additional postulates (Groeben et al 1998, pp. 17-24 and 47-69). We will now mention the main differences.

There are two relevant categories of mental states, beliefs and preferences. Both of them can be described by propositional attitudes; beliefs by the form “person x believes that p” and preferences by the form “person x wants that p”. In contrast to the research on beliefs, it is claimed that beliefs and preferences both have a propositional structure. To avoid confusion, the term “preferences” is used instead of “values”. The propositional attitudes of beliefs and preferences are expressed or can be expressed only in subjective concepts, which may have different meanings than their homonymous equivalents in the commonly shared language, but can be circumscribed by ordinary language phrases – at least to some extend. Beliefs and preferences form each a quasi-logical system of propositions, whose standards of logical inference and derivation remain unexplained, but are supposed to be near by logical or lesser strict argumentative rules (following Toulmin 1958).

It is claimed that human beings are not only able to express their beliefs and preferences verbally, but also, to some extend, their quasi-logical structure and the semantic connections among their subjective concepts. The belief system, additionally, is claimed to possess the same structure as a scientific theory, which basically means that it contains general statements (similar to natural laws) from which statements about singular events can be derived. The similar structure is used for the same reasons as in science, namely to infer singular statements from general ones to develop explanations, forecasts, or technical prescription, each of them presupposing a causal nexus between the explaining facts and the facts to explain (according to Stegmüller 1983, pp. 501-638). Additionally, the system of beliefs shares the same dynamics with scientific theories: Beliefs are subjected to change in a similar manner as scientific theories, which are revised according to principles of philosophy of science (following Chalmers 1976).

The systems of beliefs and preferences are connected to each others by the assumption that human beings generally are rational actors (following Eckensberger & Meacham 1984), which means that they choose their actions in an appropriate way to achieve their goals on the grounds of their convictions. Therefore, acting can be explained according to the schemes of rational explanations (Hempel 1962). The simplest form of such an explanation is “person x wants that p, and x believes that action a is the best mean to achieve p, then it is rational for x to do a” and, if x behaves rationally, then x will in fact do a (as far as there are no obstacles).

In addition, the concept of rational explanations is used to specify the idea that beliefs have an impact on human behaviour and, furthermore, to subsume this specification under the widely accepted notion of the covering law model of scientific explanations (Hempel 1965, more specifically applied on rational explanations e. g. by Churchland 1970). A rational explanation is not only seen as an explanations among others, but also as the explication what it means to understand an action: It means to subsume an action under the beliefs and preferences of a person by a conclusion as mentioned above, whereat the relevant preferences are seen as the intentions of the actor (Groeben 1988 et al., pp. 70-96, following von Wright 1971).

The supposed similarities between some kind of mental states and scientific theories are the origin of the label “research programme of subjective theories”. The proponents of the RST are aware of the fact that some of their basic concepts are controversial and far away from an explicit and commonly excepted explication, e. g. the notions of rationality, action, quasi-logical standards, or principles of changing scientific theories. The typical answer to this question culminates in the consideration that these concepts are already widely used with a remarkable success, indicating that their meanings are sufficiently clear – at least for practical reasons – and do not need to be clarified in the context of RST. Even a RST-specific explanation would undermine the connection to other disciplines using and elaborating the same concepts (Groeben et al. 1988, especially p. 18). Thus, the contribution of RST is primarily not seen in a further explication of these concepts, but in a specific idea of man which arises in a combination of these notions and which will guide the research in a direction not having belonged to the centre of interest afore: The RST is understood as “a scientific psychology that is centred on man as an actor, i. e. as an active, rational, and autonomous being” (Groeben et al.1988, p. 6, all non-English quotations are translated by the author).

Contributions to the research on beliefs

Before presenting some of the results on basis of the RST, we will deliberate in general which aspects of the cognitive approach may be introduced or highlighted by the RST in contrast to a position generally based on the notion of beliefs. The RST encourage to describe beliefs and preferences propositionally and to search for logical inferences among both kinds of mental states. In case of success, this highly cognitive approach enhances the degree of coherence and communicability. As a minus, unspecific emotions or unreflected automatisms lie beyond the scope of the RST and has to be treated by a different approach, if necessary, and, additionally, the researcher has to be aware of the danger to “over-rationalise” the thoughts and actions of his probands.

It is possible to regard teaching mathematics or a specific subdiscipline as a complex action. The RST suggests the researcher to examine the beliefs and preferences which guides that action. In case of success, the result will consist of a set of preferences and a more or less coherent system of beliefs to implement these preferences. This result will have the same structure as a curriculum consisting of educational goals (corresponding to preferences) and a theory of implementation and mathematical content (corresponding to the system of beliefs). Insofar, the RST can be used to introduce the notion of an individual curriculum, which was the main focus of the first appliance of the RST and which has led to a classification of individual (stochastics) curricula and to a comparison of subjective curricula with “objective” didactical and governmental prescriptions (Eichler 2005a, the theoretical background is summed up by Eichler 2005b). Besides such an extensive research, the RST can also be used to investigate more limited issues, e. g. the aims and implementations of proofs in elementary geometry (Girnat 2009a).

By the assumption that human beings are changing their subjective theories in a similar and partly rational manner according to the dynamics of theories in science, it is not only possible to regard a teacher as an object of study, but also as a partner of research, who is confronted to similar issues und problems as the didact of mathematics – with the interesting difference that the teacher is faced to a broader range of experience under realistic conditions. In contrary, if the teacher is not seen as a partner, but as an institutional factor of mathematics education, and the task is not pure research, but changing education and instructional behaviour, a representation of beliefs and values as subjective theories may help to find the crucial convictions to change and to estimate to what extend a change is needed.

To summarise, an RST-guided approach leads to a kind of research which is interested in structural, quasi-logical connections among beliefs and in an understanding and explanation of instructional behaviour as a rational acting on the basis of curriculum-like subjective theories.

The last topics mentioned above, concerning instructional changes and partnership in research, demonstrate that the RST is predominantly interested in the question whether a belief is true, and not whether it is subjectively justified, since only the conception of an objective or at least intersubjective truth seems to be the basis to understand a teacher as a partner of research or as an aspirant whose convictions are to be revised in the light of better knowledge. Thus, the notion of subjective justification is not dispensed, but already maintained in the task of seeking inferential connections among beliefs and, insofar, the RST represents a mediative position using both concepts, but for different reasons.

Example I: goals of teaching methods

Since changing instructional behaviour is one of the most interesting, but also most challenging and incomplete issues of the research on beliefs (Philipp, 2007, pp. 276-281), we will give a short and simple example how the RST may help to manage this issue (though far away from being able to resolve this problem of its own). Let us regard the following episodes of interviews taken from two teachers, focussed on their teaching methods (all interviews are translated by the author). The interviews are taken from one of our current studies: Nine secondary school teachers are asked about their general experiences on teaching geometry.

Mr. A:
I like to use the I-you-we-principle according to Gallin and Ruf. The pupils know it and normally get into it without any problems. Here is the problem. Solve it. They primarily work on their own, then start to discuss with their neighbour, and then expand the discussion to the whole class. The stage of acquiring is very important in my opinion, since during this stage, mathematics occurs in the heads, or arises, or is put together. I hope that they gain a deep understanding of mathematics by this method.

Mr. B:
I have a very pragmatic point of view. Good teaching means that the pupils have intensively worked and have completely learnt what they had to learn, independent of the method, but to the whole extension of content. The method is of minor importance. Ex-ca​the​dra teaching is not to be condemned in general. Cooperative forms may have their advantages, possibly providing a deeper understanding. But it has to match. The method has to match the teacher, and the teacher has to match the method. He has to be able to represent the method by his whole person.

The episodes can be seen as cutouts of individual curricula. The teachers share the same educational goal, a “deep understanding of mathematics”, but have different opinions on the question which teaching methods are useful to reach it, i. e. the differences only consist in assumptions on the level of beliefs, and not on the level of preferences. As it is common, subjective theories or parts of them can be represented by hierarchical diagrams: The final goals or preferences are the endpoints, and the means or intermediate goals are connected to each others and, finally, to the endpoints according to the supposed nexus of causality between means, intermediate goals, and final goals. Insofar, it is possible to represent the interpretation of the episodes in the following manner, using the by-relation to indicate a causal or semantic subordination of a more concrete action under a more abstract one (following Goldman 1971, other representations are possible and factually in use, e. g. Eichler 2005):
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Figure 1: Two miniature curricula on goals of teaching methods

Considering these examples, one may guess how the RST could pay a contribution to the problem of changing beliefs: Since it provides a combined analysis of beliefs and preference and a structural revelation of causal dependencies, it allows the analyser to locate the origins of undesired teaching methods more specifically. Let us suppose that “achieving a deep understanding of mathematics” is an eligible goal of education and problem-oriented tasks are suitable means to reach this goal, but just the I-do-we principle is not appropriate. In this case, it seems to be easy to convince Mr. A to omit this specific method and to proceed in his usual manner otherwise, since this method is only a minor tool, connected to his education goals only by a peripheral causal connection. One can assume that if it was possible to convince Mr. A that this causal connection does not exist, than he would presumably desist from this method.

Concerning Mr. B, it appears to be more difficult to change his attitudes on teaching methods, since he does not seem to possess such an elaborated theory on this subject as Mr. A and, possibly, a change would include the acquaintance of new methods. In addition, the miniature curriculum of Mr. B displays the goal of “achieving a vast amount of content” on top level. Since it is sometimes proposed to suspend an overcharged canon of content in favour of selected examples, this goal of Mr. B’s curriculum may be seen as controversial and worth to change. But since it is a preference on top level, Mr. B regards it as a “value of its own”. Therefore, it seems to be part of Mr. B’s comprehensive idea of teaching mathematics well and, thus, probably more stable and resistant against revision.

The examples given in this section can be regarded as a detailed analysis of case studies. Studies like these are already used for individual mentoring and training of teachers outside mathematics education (Mutzeck 1988). In case of mathematics education, the use of the RST has still been limited to topics of research until now, but training methods are supposed to be importable accordingly.

Example II: goals of proofs in elementary geometry

To access the actual focus of the RST within mathematics education – the revelation and comparison of individual curricula – we will present a further example. To make the example more traceable, we will not present a whole curriculum, but only a cutout concerning the sense of proofs in elementary geometry (Girnat 2009a).

Mr. A:
I like proofs, since it is possible to address high-performers by. Especially in geometry, the necessity of proving is given by the aberrations of drawings. It is just a conjecture that there are always 90° in the case of Thales. Does this assumption even hold under extreme conditions?[…] I also try to see the case historically. The ancient Greeks had a high entitlement. They did not only want to say “It is like that”, they wanted to reveal why it is like that. You can learn many things which are typically for maths by proving theorems, the way of thinking, problem-solving, deducing. […] In maths, there is no place to say “You must not do so”, in such a case, you simply can’t do so, it is impossible. This is to grasp. […] In case of [analytic] geometry, there is the advantage that you can develop the whole theory deductively even at school, and that’s it.

Mrs. D:
I would avoid the word “proof”, I prefer to use argumentations, not strict proofs. In Geometry, it is sometimes necessary to proof, since some constructions are not obvious, but to manage. But proving without any use is not what I am seeking for. Sentence, proof, sentence, proof – this is pure mathematics, this is not motivating, no reference to the real world, no reason to be engaged with that. That’s rubbish. The reason appears within a context, and maths has to arise from a context, and the necessity of proving arises from a context, too, from a problem to solve. And if I can solve these problems, I will be able to solve problems in other situations, too.

The interpretation of these episodes is similar presented graphically:
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Figure 2: Mr. A’s subjective theory on proofs in geometry

Accordingly, Mrs. D’s subjective theory is presented as following:
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Figure 3: Mrs. D’s subjective theory on proofs in geometry

As mentioned above, these interviews were taken to reconstruct individual curricula on teaching geometry. One of the further goals of this study consists in a classification of these curricula and, afore, to seek after useful, applicable, or illuminative schemes of classifications. On first sight, the classification of Ernest (1989) is applicable, which distinguishes teachers’ beliefs by the aspects of a dynamic, static, or utilitarian view on mathematics. According to this classification, Mr. A provides typical signs of a static view, whereas Mrs. D seems to be utilitarian. But this is only one of many possible classifications. In Girnat (2009b), a framework is proposed which is not intended to be a classification of “general mathematical worldviews” similar to Ernest, but to be a more specific one on geometry, taken the reference to real-world situations and the status of proving as the base categories of distinction. A case study is presented as an in-depth exemplification of one of these classes in Girnat (2009c).

Besides the task of classifying, subjective theories can be used for a semantic “in-depth analysis”. In the first example, the by-relation cannot only be considered by its causal aspect. In this example, it seems to be suitable to interpret some of the by-relations as semantic connections among a superordinate concept and its subordinate ones. E. g. in figure 2, the by-relation-tree below the entry “becoming acquaintance to essential aspects of mathematics” can obviously more adequately be understood as a semantic explication of the notion “essence of mathematics” than as a set of tools to implement this goal of education. Exactly this interpretation of the by-relation is used as a methodological device of the RST, especially as a mean of theory building.

Methodological issues

Similar to the general research on beliefs, the RST is not committed to a specific methodology. All methods appearing suitable to reveal propositional attitudes are approved to be applied. The choice of a method may not only be guided by the RST, but also by the specific research issue, the number of probands, or the funds being accessible. Nevertheless, according to the general research on beliefs (Philipp 2007, p. 268), a tendency to qualitative methods is observable and, additionally, encouraged by the RST’s central anthropological assumption on man as a self-reflecting, rational being. On this basis, the RST has invented a specific methodology, which is split in some different, but similar methods (Groeben et al. 1988, pp. 126-205). To grasp the main intention and not to get lost in its several diversifications, we propose to remember the following basic assumptions on the idea a man, stated by the RST.

Men are reflective and cognitive beings, which are partially aware of their mental states and are able to express them at least to some extend. Thus, a qualitative, interrogative method is requested to use this source of self-reflection. Since human beings are able to reflect their thoughts and acting, it should be possible to incorporate the probands to the task of interpreting their own data and utterances. Finally, human acting can be explained by the scheme of rational explanations. Since this type of explanations refers to beliefs and preferences as causes of actions, it should be possible, in the contrary way, to infer back from actions or especially from non-appearing, but expectable actions to beliefs and inferences.

To exemplify the last point, let us regard the cutout of Mr. A’s subjective theory mentioned in figure 1. It is expectable to see him presenting problem-oriented tasks and using the methods of Gallin and Ruf when visiting him during his lessons. If he does so, one will have a further indication (beside his interview) that he really regards these teaching methods as suitable tools to spread a “deep mathematical understanding”. In contrary, if he is observed several times and does not show the least intention to do so, although there are no obstacles perceivable, then it will be doubtful if he really possesses these beliefs (even though there is no strict way to refute a belief, Philipp 2007).

According to these considerations, an investigation on subjective theories is normally split into three steps: At first, a semi-constructed interview is performed. The interview technique is typically held very open to allow the teacher to address the themes he perceives as relevant and to use his own concepts and formulations. The first step of interpretation is normally fulfilled by the researcher on his own, using common principles of a qualitative interpretation. Then, he is invented by the RST to reflect his findings or even to produce his finding by treating the proband as a partner. This step can take several forms, but most commonly, graphical representations, as stated in figures 1 to 3, are produced together. In the purest and most time affording form, the researcher writes concepts or statements considered as relevant on small cards and invites the proband to arrange these cards according to causal or semantic connections. This method is called the method of laying structures (Scheele & Groeben 1984). Due to the restriction of time and in order to reduce the intellectual challenges of the probands, the researcher often presents structures only produced by himself on his own, but not as definitive results, but as proposal to change or to approve by the proband. This method reminds of mind maps, but in contrast to this approach, the structures are primarily used as an intermediate state of the interpretation, encouraging the proband to take part and intended to enhance the adequacy of the interpretation. Alluding to the involvement of probands, the first two steps of the research process are subsumed under the conception of dialogue-consent methods (Scheele & Groeben1984), highlighting the partnership and mutual agreement between proband and researcher.

The third and final part of a study normally consists in a validation of subjective theories by observant methods. According to the claim that subjective theories have an influence on human behaviour and that this influence can be specified by the notion of rational explanations on the grounds of subjective theories, the factual behaviour in relevant situations is a touchstone for the existence of the assumed subjective theory. In contrast to a general research on beliefs, where an observational validation is a desirable, but not a fundamental ingredient (Thompson 1992), the observation is a more essential part of the RST, intending to complement the interpretational adequacy, based on dialogue-consent methods, by a so-called reality adequacy. Unlike in psychology, studies including the last step of an RST-project are scarce in mathematics education, since the framework has been adapted only a few years ago. Nevertheless, the first study of this kind (Eichler 2008) indicates that the observable behaviour largely and very precisely corresponds to the expectations based the subjective theories interpretatively reconstructed by dialogue-consent methods.

Conclusions and perspectives

The main contribution of the RST is seen in two aspects: It provides a specialisation and specification of the notion of a belief system and explicates the connection between beliefs and behaviour more precisely by introducing the concept of rational explanations, a notion, which additionally offers a further method of validating assumptions on beliefs. As a contribution to interpretative methods, different tools are established to incorporate the probands and to use their abilities of self-reflection.

Until now, the RST has primarily been used to reconstruct subjective theories as highly structured systems of beliefs, leading to the notion of individual curricula and providing a contribution to the research on “comprehensive” mathematical worldviews, including both mathematical knowledge and assumption on instructional techniques. Further development is suspected in more detailed issues (in contrast to “holistic” curricula), a deeper research on the connection between subjective theories and acting, a more specific analysis on the inferential aspects of subjective theories, a practical extension to training and monitoring, and a broader range of empirical results, which, until now, has basically been limited to individual curricula of secondary school teachers on teaching geometry or stochastics and to some extent on its impact on students’ perception (Eichler 2008). But the small basis of empirical results is obviously owed to the fact that the RST has just recently been introduced to mathematics education.
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achieving a deep understanding of mathematics





by making pupils construct mathematics on their own





by presenting problem-oriented tasks





by using the I-you-we principle





achieving a deep understanding of mathematics





achieving a vast amount of content





by using cooperative teaching methods





by using authentic teaching methods





Mr. A





Mr. B





achieving knowledge on the history of science





gaining general heuristics and abilities





becoming acquaintance to essential aspects of mathematics





by founding rules and algorithms





by understanding rules and algorithms as founded sentences, not as normative prescriptions or arbitrary rules of a game





by perceiving mathematics as a deductive science





by comprehending the axiomatic constitution of a whole theory





challenging high-performers





by presenting opportunities to solve problems





by presenting tasks of proving





by presenting tasks of proving





by restricting standards of proving to standards of arguing





motivating pupils





by making more complex construction possible





fulfilling prescribed tasks of geometry





gaining general heuristics and abilities





grasping the sense of mathematics





by making real-world problems solvable





by perceiving mathematics as a useful tool to solve real-world problems
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